This paper demonstrates the existence of a unique solution of the PMP problem when both observed output quantities and limiting input prices are taken as calibrating benchmarks. This version of PMP avoids the use of a user-determined small positive number ε originally introduced for guaranteeing that the dual (shadow) price of binding input constraints be positive. Furthermore, the paper shows how to obtain endogenous output supply and input demand elasticities that match available information about them in the form of previously estimated parameters for an entire region or sector. The framework is applied to a sample of farms also for the case that admits no production for some of the crop activities. The calibrating solution is very close to the observed values of output quantities and input prices. The calibrating model does not use the matrix of fixed technical coefficient and reproduces identical calibrating solutions.
Introduction
This paper proposes an approach to Positive Mathematical Programming (PMP) that guarantees the uniqueness of the calibrating solution. This result relies upon the use of all the available information, including prices of limiting. To exemplify, a large list of PMP empirical studies has been restricted to one limiting constraint, namely land. Yet, the available price of land (at either a regional or local level) has not been part of a calibrating relation. This is the starting point of the paper. Toward the goal of dealing also with calibrating input prices we discuss first the PMP approach as understood to date.
The original formulation of the PMP methodology (Howitt, 1995a (Howitt, , 1995b ) was based upon the estimation of the marginal cost associated with the observed production plan (or the difference between known per-output unit accounting cost and effective economic marginal cost). Phase I of this model took the following specification (Howitt, 1995a, p. 151) :
subject to Ax ≤ b structural constraints (2)
x ≤ x + ε calibration constraints
and x ≥ 0 , where A is a matrix of technical coefficients of dimensions (m × n, m < n) and all the other vectors are conformable to it. In particular, x > 0 is a vector of realized and observed levels of outputs whose utilization qualifies the positive feature of the PMP model. Vector b refers to limited input supplies. In the case of input land, the technical coefficients of the A matrix are computed by dividing the number of acres allocated to a crop by the realized and observed crop production, that is, acres ij / x ij = A ij . Then,
. Vectors p and c represent market output prices and unit accounting costs, respectively. The parameter vector ε is composed of small, positive (userdetermined) numbers whose role is to guarantee that the dual variables of the binding structural constraints achieve a positive value. In Howitt's words (1995a, p. 151) : "The ε perturbation on the calibration constraints decouples the true resource constraints from the calibration constraints and ensures that the dual values on the allocable resources represent the marginal values of the resource constraints." With these stipulations, the dual of model (1)- (3) is stated as
subject to
with y ≥ 0, λ ≥ 0 , where y represents the (m × 1) vector of shadow prices of the structural constraints and the (n × 1) vector λ represents the shadow prices of the calibration constraints. In the dual constraints (5) there are n constraints and (m + n) variables (at the optimal primal solution x * , relation (5) is satisfied with the equality sign given that x * = x + ε > 0 and complementary slackness conditions). Hence, in this specification, the PMP model is underdetermined (ill posed) because it admits an infinite number of (y, λ)
solutions. This is the reason why the parameter ε is introduced in model (1)-(3) in order to elicit a dual solution with positive values of the shadow price y of the binding structural constraints. This means that at least m components of the vector λ assume a zero value.
Another criticism of the original PMP approach regards the specification of the calibration constraints. Why is the solution vector x of model (1)-(3) stated as less-thanor-equal to the observed vector of output levels ( x + ε ) in the calibration constraints (3)?
The answer was (is): to guarantee a nonnegative dual vector of shadow prices λ .
Admittedly, this is an unsatisfactory answer. Given that vector x represents observed (by the econometrician) output levels that are realized by the producer in a previous economic cycle, the measured x may contain some measurement error that either overstates or understates the level of the production plan consistent with the technical and economic information of a given producer. A more plausible specification of the calibration constraints, therefore, may be x = x + h , where h is a conformable vector of unrestricted deviations from x .
Furthermore, a measure of the limiting input price vector y may be available at either a regional or more local level. For example, the price of agricultural land is surely available, either by region or by area. The estimate may not be fitting every single individual farm but it can be assumed that it will fall within a reasonable range of the actual optimal land value of this farm as obtained by solving model (1)-(3). If the information on land price and other important limiting inputs is available, it should be used in a PMP approach in order to avoid violating the principal tenet of the methodology: all the available information should be used. Also in this case, therefore, it seems plausible to state a calibration constraint for the dual variable vector as y = y + u , where u is a conformable vector of unrestricted deviations from y .
Within this novel PMP framework, the notion of a calibrating solution assumes a different structure from the original formulation of model (1) (1)- (3) and the vector of observed output levels is achieved because the -presumably -available information on the limiting input-price side is ignored. With the more general specification of the calibration constraints in the form of x = x + h and y = y + u , a calibrating solution (x * , y * ) will not, in general, be tautologically equal to (x, y) . But it can be arranged to make the solution as close as possible to the observed quantities and prices, given the structure of the problem. This approach resembles an econometric estimation where the goal is to minimize the residuals of a system of regressions. An objective of this novel phase I PMP methodology, therefore, is to make deviations (h,u) as small as possible.
The Use of x and y in PMP
To justify the structure of the novel phase I PMP model we begin with two preliminary analyses. First, suppose that a preliminary phase I of the PMP methodology is concerned with solving the following problem
subject to Ax ≤ b dual variables y (7)
with x ≥ 0 and h free. Furthermore, we wish to minimize the sum of squared deviations, ′ h Wh / 2 , as in a weighted least-squares approach. The W matrix is diagonal with elements p j > 0 on the main diagonal, j = 1,...,n . The effective objective function, therefore, will be expressed as an auxiliary function such as 
From relation (11), λ = Wh and, thus, relation (10) can be reformulated as
Relation (11) represents a case of self duality, where a dual variable is equal (up to a scalar) to a primal variable.
Analogously, let us consider the following problem
with y ≥ 0 and u free. Again, we wish to minimize the sum of squared deviations, 
From the self-dual relation (18), ψ = Vu and, thus, relation (17) can be reformulated as
This discussion leads to a specification of a phase I PMP model that combines the duality relations of a LP problem together with the least-squares necessary conditions involving deviations h and u . Combining constraints (12) and (19) 
together with the associated complementary slackness conditions. This PMP approach avoids using the user-determined parameter ε .
Solution Uniqueness of the phase I PMP model
A least-squares (LS) solution is unique if and only if the matrix of "explanatory"
variables has full rank. To verify this crucial condition in relation to model (20)- (23) (20)- (23) -that
Substituting constraints (22) and (23) into (24) and (25), and rearranging terms, we obtain
and in matrix notation
The matrix M is of full rank because the nonsingular weight matrices V and W are on the main diagonal. Hence, the least-squares solution û and ĥ is unique. It follows that the solution x and ŷ of model (20)- (23) is also unique. Given the structure of the M matrix, an inverse of M exists even if the A matrix is not of full rank.
The explicit, least-squares solution of (28) is
The optimal and calibrating LS levels of the primal and dual variables x and y , then, are obtained as a simple addition according to the specification given in constraints (22) and (23) with x = x +ĥ and ŷ = y +û .
Phase II: Specification of a General Cost Function
Phase II of a PMP approach deals with the estimation of marginal cost and input demand functions to be used in a calibrating model for the analysis of various policy scenarios.
Following economic theory, we postulate that the total cost function of interest takes on the following symmetric and extended Leontief specification:
where the (n × n) matrix Q is symmetric and positive definite, the (m × m) matrix G is symmetric and negative semidefinite (a cost function is concave in input prices), the components of vector f and vector g are free to take on any value. We require that ′ f x > 0 and ′ g y > 0 . From theory, a cost function is homogeneous of degree one in input prices. This requirement drives to a large extent the specification of the symmetric cost function presented in relation (30). The vector of output marginal costs is stated as
while, by Shephard lemma, the vector of demand functions for inputs is stated as
where the matrix Δ(y −1/2 ) is diagonal with terms y i −1/2 on the main diagonal.
The vector of output supply functions comes from relation (31) by equating it to the vector of market output prices, p , and inverting the marginal cost function to obtain
that leads to the supply elasticity matrix
where matrices Δ(p) and Δ(x −1 ) are diagonal with elements p j and x j −1 , respectively, on the main diagonals. Relation (34) includes all the own-and cross-price elasticities for all the output commodities admitted in the model.
The demand elasticities of limiting inputs can be easily measured from the input demand functions of relation (32). Suppose two limiting inputs form the structural constraints of the model. Then, the portion of the demand function that involves input prices can be stated as
where K 1 and K 2 do not involve input prices. The (2 × 2) matrix of derivatives of the demand functions results in
This means that with only one limiting input, its demand elasticity will be equal to zero (as in a Leontief fixed coefficient specification) since the term G 11 drops out of the derivative in (36). In a Leontief cost function, inputs are substitutes.
Exogenous and Disaggregated Output Supply Elasticities
PMP has been applied frequently to analyze farmers' behavior to changes in agricultural policies. A typical empirical setting is to map out several areas, say T areas, in a region (or state) and to assemble a representative farm model for each area (or to treat each area as a large farm).
When supply elasticities are exogenously available (say the own-price elasticities of crops) at the regional (or state) level (via econometric estimation or other means), a connection of all area models with these exogenous elasticities can be specified by establishing a weighted sum of all the areas endogenous own-price elasticities and the given regional elasticities. The weights are the share of each area's revenue over the total revenue of the region.
Let us suppose that exogenous own-price elasticities of supply are available at the regional level for all the J crops, say η j , j = 1,..., J . Then, the relation among these exogenous own-price elasticities and the corresponding areas' elasticities can be established as a weighted sum such as
where the weights are the areas' revenue shares in the region (state)
and
where Q t jj is the jth element on the main diagonal in the inverse of the Q t matrix.
Estimation of the Cost Function Parameters
Using the optimal LS solutions of x, y,h and u for each of the T areas, x t ,ŷ t ,ĥ t and û t , 
endogenous own-and cross-supply elasticities
endogenous own supply elasticities
disaggregation of exogenous elasticities with D t > 0, g t , and f t free; ′ f t x t ≥ 0 and ′ g t y t ≥ 0 , d t ≥ 0,r t ≥ 0 . Vector variables d t ≥ 0,r t ≥ 0 perform the role of auxiliary slack variables that will equal to zero identically when minimized by the GAMS solver (the GAMS solver requires an explicit objective function). In this way, the system of relations involving the specification of marginal cost and demand functions for inputs will be estimated as they appear in equations (31) and (32).
Model (40) (28)). The primal solution x is almost equal to the observed output levels x for every farm.
The same event characterizes the dual solution. Table 2 presents the deviations from the observed land input prices and the percent deviation of the optimal dual solution, ŷ . Also in this case, the percent deviation is minimal in every farm. The weighted LS minimization of the primal and dual deviations (h,u) has produced a largely satisfactory result in this sample. This goal is accomplished mainly by virtue of the disparate definitions of the diagonal weight matrices W and V . In matrix W , the diagonal terms are defined as output prices, that is p j , where p j is the price of the j -th output. In matrix V , the diagonal terms are defined as (quantity divided All 14 farms achieved a nonsingular Q matrix. This feature is instrumental in defining the matrix of endogenous supply elasticities. Table 5 presents the endogenous own-and cross-price supply elasticities for three farms. We stipulated that regional, exogenous own-price supply elasticities were available in the magnitude of 0.5 for sugar beet, 0.4 for soft wheat, 0.6 for corn and 0.3 for barley. The endogenous own-price elasticities of all farms were aggregated to be consistent with the regional exogenous elasticities according to relation (37). Table 6 presents the farms' own-price supply elasticities and the revenue weights used in the aggregation relation. 
Calibrating Equilibrium Model
With the estimates of the cost function parameters f ,ĝ,Q,Ĝ it is possible to formulate a calibrating equilibrium model for each farm (sector, area) of the following structure sample. Hence, its optimal value must be equal to zero. Model (41) can be used to perform response analysis to variations in prices, subsidies, quotas, input quantities, and other parameters for a variety of policy scenarios.
PMP Uniqueness With Missing Observations
Empirical reality compels a further consideration of the above methodology in order to deal with farm samples where not all farms produce all commodities. It turns out that very little must be changed for obtaining a unique and calibrating solution in the presence of missing commodities, their prices and the corresponding technical coefficients.
To exemplify, suppose that the farm sample displays the following Table 7 of observed crop levels. Other missing information deals with prices and unit accounting costs associated with the zero-levels of crops. Furthermore, the technical coefficients of the farms not producing the observed crops also equal to zero. Hence, we can state that, for t = 1,...,T , the number of farms, and j = 1,..., J , the number of crops, if x tj = 0 , also p tj = 0, c tj = 0
and A tij = 0 . Furthermore, suppose that only one input, land, is involved in this farm sample. Then, the land price is observed for all farms.
As to the solution of the Phase I PMP specification, we expect that x tj = x tj + h tj for x tj > 0 , and h tj = x tj = 0 for x tj = 0 . It turns out that the least-squares computation of the deviations u ti and h tj expressed by equation (29) produces the desired estimates of the deviations h tj and crop levels x tj when the observed level of those crops equals zero,
x tj = 0 . This is so because the first term on the RHS of (29) is equal to zero by
The second term on the RHS of (29) reduces to zero because of the zero information about non-produced crops,
tj =x tj = 0 for x tj = 0 and the leastsquares PMP solution is unique also in this more elaborate case.
The estimation of the cost function carries through as in section 6 without modification. Also the Phase III calibrating model expressed in (41) needs no adjustment.
Results for a farm sample with missing production of some crops
The observed crop production of a 14-farm sample is given in Table 7 . Also the corresponding output prices, p tj = 0 , and accounting costs, c tj = 0 , are part of the data sample for the no-production levels x tj = 0 , as reported in Table 7 . Furthermore, A tij = 0 for the same activities of no-production. Table 8 presents the unique least-squares estimates of the crop levels and the corresponding percentage deviation from the observed sample data. Except for two cells, the percent deviations of the estimated crop levels from the observed production quantities are below 1 percent. The cells with a zero estimated quantity level correspond to the cells with observed zero level of production, as in Table   7 . Table 9 presents the estimated land price and the percent deviation from the observed input price. The deviations of the estimated land prices from the observed prices are all below one percent. Table 10 presents the estimates of the parameters of the cost function under the condition of zero production for some crops in various farms. Table 11 presents the own price elasticities of the 14 farms that correspond to the observed and exogenous price elasticities of the four crops. The calibrating model (41) applies also to this data sample without any modification.
Conclusion
We have achieved the objective of using all the available information about output quantities and input prices, and the formulation of a calibrating PMP model that is free of the rigidities of a linear programming structure. In the process, we dispense with the necessity of dealing with the user-determined vector of small and arbitrary positive numbers ε which is required by the traditional PMP methodology. We also demonstrated the uniqueness of the calibrating solution. Two empirical examples were presented. In the first sample of 14 farms and 4 crops, all farms produce every commodity. In the second sample, some of the farms do not produce all the commodities. This is the typical case. It is shown that the uniqueness of the calibrating solution is maintained also in this more elaborate case.
